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Non-binary LDPC codes
F,={0,1}, q=2°

Non-binary alphabet: A= F} : X = (X, ..., X,.1)
t f

symbol  binary image

L = End(A) = M (F,), acts on the left on A
LxA—> A:(h, X) > hX

H e My, \(L)
C = Ker(H)
— { (x11 XZ""’ XN) I Zn (hm,n'xn) — 01 vm = 1"--’M }
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LDPC codes over finite fields Fq

F,={0,1}, gq=2°

Non-binary alphabet: A=F,=F; : X = (X, ..., X,)

f

symbol

p
f

binary image

L = F, <> End(A4) = M (F,)
Lx A A: (h, X) - hX

Internal field
multiplication

H e My n(Fg)
C = Ker(H)

— { (x11 XZ""’ XN) I Zn (hm,n'xn) — 01 vm = 1"--’M }
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Non-binary LDPC codes

symbol nodes

“labeled”
edges

(elements of L)

linear constraint nodes

Codewords: solutions | Ma%X1 ¥ N12Xo + Ny 0 Xy + 1y Xy, =0

of a linear system with {h, ;X; + h, X5 + hy (X, + hy (X =0
coefficients in L

klll
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Non-binary LDPC codes

A

Codeword: X, X,, ..., Xy
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Non-binary LDPC codes

Codeword: X, X,, ..., Xy

Received : Y, Y,, ..., Yy

binary channels: X, = (X, 0: s Xqp.1) = Y0 = Vnor 0 Ynp1)
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Belief-Propagation Decoding

Y1 = [Y1(X)]XGA’ """""""""""""" Tn = [Yn(x)]XeA’ """""""" N = [YN(X)]XEA

X)) =Pr(X,=X]Y,), XeA

(probability that X has been sent at position n conditioned on the channel output)
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Belief-Propagation Decoding

constraint-to-symbol node message symbol-to-constraint node message

B1 B2

B0=% (Mo () ) =) T BX)

X1y Xy X5
h X, + h,X, + hyX; + hX =0

(first iteration: o, = vy,)
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Belief-Propagation Decoding

constraint-to-symbol node message

all X;, X,, X5, such that
B hX, + hX, + hoX, + hX =0
A

09=% (Mo (X)

Xl’ XZ’ X3
hyX, + h,X, + hyX, + hX =0
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Belief-Propagation Decoding

Stop If:

e all constraint-nodes are verified
(successful decoding)

e or, maximum number of decoding
Iterations is reached

Y

Y(X) = v(X) T B,(X) = X = argmax(7(X))

(“updated” PDF)
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Extended binary representation
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Binary image of a non-binary LDPC code

Example:

B non-binary constraint over Fg

3
e
3X + 4Y + 6Z = 0 O/D

B binary image:

101 L 010 Yo 011 20
111 L1 + 1011 (Y51 + 1110 <1 =0
011 T 101 U 111 2

{X0+X2+J/1+21+22:O

Ntx+txXx+y+y,+4+2=0
Xx+x+yy+ty+z3+2+2=0
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Binary image of a non-binary LDPC code

X

—

>

decoding using the binary image:

— not equivalent to non-binary decoding

— Ineffective

Ciil_leti

V. Savin - LDPC codes for AL-FEC
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Extended binary image

B Introduce extra binary nodes, representing
all the linear combinations of bits x

(1010101
(a, &, &, 8y, &, 85, &) = (X5, X, X%)01 10011
0001111

a4 = Xo
d =X
a4 =Xt X
dy = X
g = Xg t X
G =X TX

a; =X+t X+t X
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Extended binary image

B Introduce extra binary nodes, representing
all the linear combinations of bits x

(1010101
(a, &, &, 8y, &, 85, &) = (X5, X, X%)01 10011

e \ 0001111

extended

hinary a; = X binary image
y image a, = x,
(simplex codeword) &, = x;, + x;
a, = X
a5 =X T X
g = X + X%

G=Xt Xt X
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Extended binary image

( —
N+X%+tn+2+5=0

it trxo+rytyt+5+2=0
XN+t Wttt +45=0

\
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A

Extended binary image

(o+X)+ )+ (n+2)=0

\

(o+x+X%)+01+0)+(H+2)=0
tx)+0Utn+(G(+t4+2)=0

a+b,+c,=0
va,+b,+c;=0
G+ b+ =0

\
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Extended binary image

extended
binary image

& & 8 d, 8 d5 a; by b, by by b5 b; b, ¢ G G5 G G G G
1 1 1
1 1 1
1 1
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Extended binary image

extended
binary image
a a a& a, a a; a

b, b, b, b, b, by b,

O & GGG G G

1

1

1

1

B no cycles

B but they are unconstrained extended binary variables a, &, ¢
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Extended binary image

B Introduce extra parity checks: all possible combinations
of original parity-checks

a+ b, +c,=0
a+b,+c=0
G+ b +c¢ =0

}:>(a5+a7)+(b2+b6)+(C6+C3):O

A

\
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Extended binary image

B Introduce extra parity checks: all possible combinations
of original parity-checks

(a5+b2+0620} as; +a;) + (b, + bg) + (cg +¢3) =0
a7+b6+c320:>(5 7) + (b, + bg) + (Cg + C3)

G+ b +c¢ =0 ﬂ
a,+b,+c.=0

A

\
a = X

as = Xp T X

& =X, + X + X
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Extended binary image

& & 8y dy 85 85 a; by b, by by b5 b; 0, ¢ G, 63 6 G G &
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Extended binary image

bits of the binary
/ image, which are
transmitted over

Zy Z Z the channel

X X X% hhn K

b bl P

& ) 85 d, 85 85 8 by b, by by b5 bg 0; ¢, G, 63 G G G &
—_— 1 1 1
—_— 1 1 1

1 1 1
— 1 1 1
1 11
1 1 1
1 1 1
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Extended binary graph

aO =0 al ®
a = x, 2, ©
5-22 - Xl a3 O
& =X*tX a, O
a4 = X2 a5 O
a = X, + X, ag O
a, = X + X ay O

aG=Xtx+tXx
b, @
b, @
b3 o
b, ©
bs O
bg O
b, O
C, O
C, O
c, ©
C; O
Cg O
c, O

L]
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Extended binary graph

aoio a; O
al_XO a2 O
a=x a3 O
& =X*tX a, O
a,=x, as O
a = X, + X, ag O
a, = X + X a7 O
a, = x,+ x + X,
blO\
b, o—
b3 o
b, @
bs O
bg O
b, O
C, O
C, @
(Xo + X,) + oy + (z;,+z,) =0 C3 O
c, ©
Xg+ X, +X)+(y, +Y,)+ (z,+z,)) =0 gS
6
(x1+x2) +(YO+Y1)+(ZO+Z1+22):0 c, O
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Extended binary graph

+

+(y, + Yo+
+ (Yo YD+

(zp,+z)) [F0 G

aO_o al O
a = X, a, o
aZZXl a3 O
& =X*tX a, O
a4=)(2 a5 O
a = X, + X, ag O
aﬁ:)(1+)(2 a.7 O
aG=XtTX+Xx
b,
b, o
b3 o
b, ©
bs O
bg O
b, O
C, O
C, ©
(z,+z) FO C3
O
O
O

(zg+2z,+2,)|=0 C;
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Extended binary graph

O leti V. Savin - LDPC codes for AL-FEC {_ MINATEC'



Decoding over general channels
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Exchanged messages
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Exchanged messages

p, = Pr(a, = 0) - Pr(a, =1), k=1,...,g-1 a,

define also p, =1 A

QD
S
OO0 000 OO0 00O0O0
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Exchanged messages

d; O

p, = Pr(a, = 0) - Pr(a, =1), k = 1,...,9-1 Zi :

a, O

define also p, =1 a5 O

ag O

a; O

O

O

Prop. O

O

(Pos P1s -y Pg1) = BFT(a) C
= BFT(a(0), a(1), ..., a(g-1))

O

O

(Tor T4y - Tqa) = BFT(B) :

= BFT(B(0), B(1), ... B(a-1)) | Q

O
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Iterative decoding using the extended binary image

B Check-node processing

rE — H pj,{’,j

M Variable node processing
B = IBFT(rg, Iy, ..y Fgq)
a(S) = v(S)-11Bi(S)
(Po P1, s Pg1) = BFT(a)

Ce:] I,Eti V. Savin - LDPC codes for AL-FEC

B(S) =2 (11ey(S))
where 2.hS; = hS

a(S) = v(S)-11Bi(S)
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Iterative decoding using the extended binary image

B Check-node processing
r, = 11 pj,Ej B(S) =2 (11ey(S))

where Zhij = hS

M Variable node processing

P = 2 (I1r;)

where (Ak) = k
o(S) = y(S)-11Bi(S)

bitwise XOR of integers k;
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Extended binary graph

112

Fourier-domain graph
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Binary Linear Time Erasure Decoding

(decoding over the binary erasure channel)

O leti V. Savin - LDPC codes for AL-FEC {_ MINATEC



BLTE decoding

O

O

O

B check-node processing: S
O

a parity-check that contains one O
single erased bit can recover its value
O

O

O

O

B simplex processing: S

Aipjr..ak — T -+ q
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BLTE decoding

bits of the
binary
Image
transmitted —
over the o
binary
erasure
channel .
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BLTE decoding

® erased -

® recelved or recovered —

o unknown (not transmitted)
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BLTE decoding

b

.

i

check-node processing ——
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BLTE decoding

b

.

check-node processing ——
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BLTE decoding

_ O

O

_— O

O

O

simplex processing: .
recover all the bit-nodes e
spanned by recovered nodes -
O

O

O

_— O

_ O

O

_— > O

O

O

O
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BLTE decoding

_ O

O

_— O

O

O

simplex processing: .
recover all the bit-nodes e
spanned by recovered nodes °
O

O

O

_— O

_ O

O

_— > O

O

O

O
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BLTE decoding

check-node processing .

|
Tooo
/
g
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BLTE decoding
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BLTE decoding

-  » O
_— > O
-  » O
(@)
simplex processing: o
recover all the bit-nodes o O
_— O
spanned by recovered nodes o o
—> O O
(@)
O
O

O000000
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BLTE decoding: complexity and performance

Theorem
B Complexity: O(NQ)

B Performance: BLTE ~ BP
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Performance proof
BLTE Decoding <——> Erasure Decoding <——> BP decoding

Example: alphabet GF(8) = {0, 1, 2, 3,4, 5, 6, 7}

set of eligible symbols probability distribution
{0, 3} <T—> [*,0,0,%,0,0,0]

I

extended binary image {0=(000), 3=(110) }
a,=0,a,=0,a,=0 <> Xx,+x=0,%,=0

complexity: Nq complexity: Ng? complexity: Ng-log(q)
(implemented using FFT)

N = code length, q = size of the alphabet
O leti V. Savin - LDPC codes for AL-FEC {_ MINATEC




Advantages and related topics
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1.BLTE decoder can handle packets instead of bits

— suited for upper-layer applications
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1.BLTE decoder can handle packets instead of bits

— suited for upper-layer applications

(3 packets by symbol node)

190ed
19)0ed
19%ed
19%ed
19)%ed
190ed
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2. Incremental redundancy

— transmit all the bits of the extended binary image
— cope with severe channel conditions

107 ¢
- K =1000 /
K=2000 ——
1 K=5000 ——
107 =) K=10000 /i
F| K=20000 [l
| K=50000 —— i
capacity —— |
102 = l !
k= number-of-information-bits l}f
© (binary dimension of the code) [f ;
£ 107 5 [
m
j=1 [l ]
= [
53 ;
= 107 [ J |
= H /
/ ]
/ /
10_5 i 8|
é | I’ 1’ I
/ r Iy
_ FAN _ [ ]
10 coding rate = 1/2 | coding rate =2/15 | / |
// /’ 7 II’{ .",‘ fli
/ / / /
/ } [ GF(16)
" /7 /11
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 |

Channel Erasure Probability
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3. Stopping sets

S subset of extended bit-nodes, such that
e check-nodes that are neighbors of S are connected
to S at least twice

e the complementary of Sis an affine subspace
(if a;,; € S, then either g; € S, or a; € S)

Al
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3. Stopping sets

S = stopping set

O \ (red filled circles)

O ——=— A0

/N
O - \V/‘!‘g.

H
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4. Cycles in the extended binary matrix

(e, €,, ..., €) = cycle in the non-binary graph

(hy, h,, ..., hy) = corresponding edge labels

h = hlh'; -, (we assume here edge labels are invertible!)
R, = extended binary representation

= permutation matrix of size g-1

(example of cyclic decomposition)
q=38

Cyclic decomposition: A, = (1, 3, 5, 7)-(2, 4)-(6)

/

1 cycle of length 4t, 1 cycle of length 2t, 1 cycle of length t
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Non-binary matrix

|

1 34600
0 207 15
5 010 2 4

|

Binary image

H =

O O OO0 «1 OO 1 «d
O O O O O+ 1 O
O O Oivd O «1:0 O «d
O O OO O i+d 1 O
O O OO 1 OO0 O
O O Oi+H O OO0 «—+ O
- O Hi+d O O IO O O
1 — Adid O 40 O O
O 1 HAicd 1 140 O O
O 1 110 O OO0 O «—
- 1 OO O O O 1 O
O O 10 O O+« O O
1 1 Hdicd 1 OO O O
O «+1 10 O 10 O O
-1 1 OO «1 O O O O
O O 10 O OO0 1 O
O «1 OO0 O O+ O O
- O OO O Oi+d O
Il
.m
I
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Extended binary image

I
I

bin —

Cgleti

......................................................................................................................................
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Non-binary code Extended binary image
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